For diagonal cubic surfaces, we give an upper bound for E. Peyre's Tamagawa type number in terms of the coefficients of the defining equation.
L( · , χ Pic(S É ) ) denotes the Artin L-function of the Gal(É/É)-representation Pic(S É ) ⊗ which contains the trivial representation t times as a direct summand.
Therefore, L(s, χ Pic(S É ) ) = ζ(s) t · L(s, χ P ) and
where ζ denotes the Riemann zeta function and P is a representation which does not contain trivial components. [Mu, Corollary 11.5 and Corollary 11.4] show that L(s, χ P ) has neither a pole nor a zero at s = 1.
Finally, τ H is the Tamagawa measure on the set S( É ) of adelic points on S and S( É ) Br ⊆ S( É ) denotes the part which is not affected by the Brauer-Manin obstruction.
1.3. ----As S is projective, we have
τ H is defined to be a product measure τ H := ν∈Val(É) τ ν . For a prime number p, the local measure τ p is given as follows. Let a ∈ S( /p k ) and put U (k)
Here, Pic(S É )
Ip denotes the fixed module under the inertia group. τ ∞ is described in [Pe, Lemme 5.4.7] . In the case of a hypersurface of degree d in P n , defined by the equation f = 0, this yields
ω Leray for U ⊂ S(Ê). Here, ω Leray is the Leray measure on the cone CS(Ê) associated to the equation f = 0. Note that for a cubic surface, one has n + 1 − d = 1.
The Leray measure is related to the usual hypersurface measure by the formula ω Leray = 1 grad f Theorem. Let a = (a 0 , . . . , a 3 ) ∈ ( \{0}) 4 be a vector. Denote by S a the cubic surface in P Corollary (An inefficient search bound). There exists a monotonically decreasing function F : (0, ∞) → [0, ∞), the search bound, satisfying the following condition.
Let S a be the cubic surface given by the equation
Proof. One may simply put F (t) := max
In other words, we have m(S a ) ≤ F (τ (S a )) as soon as S a (É) = ∅.
1.6. Remark. ----For diagonal quartic threefolds, these results were known before [EJ] . The case of the classical cubic surfaces is, however, more complicated.
The reason is that quartic threefolds are of geometric Picard rank one. Therefore, the factors α and β are always the same and could essentially be ignored. Further, the L-factor is equal to 1 as the Gal(É/É)-representation considered is trivial. In the situation of diagonal cubic surfaces, all these factors need to be considered.
Estimates for Peyre's constant
Consider a general diagonal cubic surface S (a 0 ,...,a 3 ) ⊂ P 3 É given by
Our goal is to establish the estimate for τ (a 0 ,...,a 3 ) := τ (S (a 0 ,...,a 3 ) ) formulated in Theorem 1.4. For this, in the subsections below, we will give an individual estimate for each of the factors occurring in the definition of τ (S (a 0 ,...,a 3 ) ).
Estimates for α and β
2.1. ----Recall that on a smooth cubic surface S over an algebraically closed field, there are exactly 27 lines. For the Picard group, which is isomorphic to 7 , the classes of these lines form a system of generators.
2.2.
Notation. ----i) The set L of the 27 lines is equipped with the intersection product , : L ×L → {−1, 0, 1}. The pair (L , , ) is the same for all smooth cubic surfaces. It is well known [Ma, Theorem 23.9 .ii] that the group of permutations of L respecting , is isomorphic to W (E 6 ). We fix such an isomorphism. Denote by F ⊂ Div(S ) the group generated by the 27 lines and by F 0 ⊂ F the subgroup of principal divisors. Then, F is equipped with an operation of W (E 6 ) such that F 0 is a W (E 6 )-submodule. We have Pic(S ) ∼ = F/F 0 .
ii) If S is a smooth cubic surface over É then Gal(É/É) operates canonically on the set L S of the 27 lines on S É . Fix a bijection i S : L S ∼ = −→ L respecting the intersection pairing. This induces a group homomorphism ι S : Gal(É/É) → W (E 6 ). We denote its image by G ⊂ W (E 6 ).
2.3.
Lemma. ----There is a constant c such that, for all smooth cubic surfaces S over É,
Proof. By definition, β(S) = #H 1 Gal(É/É), Pic(S É ) . Using the notation just introduced, we may write
Note that this cohomology group is always finite. Indeed, since G is a finite group and F/F 0 is a finite [G]-module, the description via the standard complex shows it is finitely generated. Further, it is annihilated by #G.
H 1 (G, F/F 0 ) depends only on the subgroup G ⊂ W (E 6 ) occurring. For that, there are finitely many possibilities. This implies the claim.
2.4.
Remark. ----A more precise consideration [Ma, Proposition 31.3 
Here, N is the norm map under the operation of G.
As an application of this, one may inspect the 350 conjugacy classes of subgroups of W (E 6 ) using GAP. The calculations show that the lemma is actually true for c = 9.
2.5. Lemma. ----There are positive constants c 1 and c 2 such that, for all smooth cubic surfaces S over É satisfying S( É ) = ∅,
Proof. Again, we claim that α(S) is completely determined by the group G ⊂ W (E 6 ). Thus, suppose that we do not have the full information available about what surface S is but are given the group G only.
is generated by the symmetrizations of the classes ℓ 1 , . . . , ℓ 27 of the 27 lines in F . In particular, it is determined by G, completely. Further, we have K = − 1 9
(ℓ 1 + . . . + ℓ 27 ). These data are sufficient to compute α(S) according to its very definition.
2.6. Remark. ----Here, we do not know the optimal values of c 1 and c 2 in explicit form. α(S) has not yet been computed in all cases.
An estimate for the L-factor
, the 27 lines on S (a 0 ,...,a 3 ) may easily be written down explicitly. Indeed, for each pair (i, j) ∈ ( /3 ) 2 , the system
of equations defines a line on S (a 0 ,...,a 3 ) . Decomposing the index set {0, . . . , 3} differently into two subsets of two elements each yields all the lines. In particular, we see that the 27 lines may be defined over K = É ζ 3 , 3 )/É ∼ = S 3 for e 0 , . . . , e 3 ∈ {0, 1, 2}.
----

2.2.3.
Lemma. ----Let a and b be integers different from zero. Then,
Proof. We have, at first,
Further, by [Mc, Chapter 2,  Exercise 41], we know Disc É(
This shows Disc É(ζ 3 ,
2.2.4. Proposition. ----For each ε > 0, there exist positive constants c 1 and c 2 such that
Proof. The Galois representation Pic(S
where ζ denotes the Riemann zeta function and P is a representation which does not contain trivial components. All we need to show is
L( · , χ P ) is the product [Ne, Chapter VII, Theorem (10.4) .ii)] of not more than six factors of the form L( · , λ) for λ the non-trivial Dirichlet character of É(ζ 3 )/É and at most three factors which are Artin-L-functions L( · , ν K ) for two-dimensional irreducible representations.
3 ) for certain e 0 , . . . , e 3 ∈ {0, 1, 2}. As L(1, λ) does not depend on a 0 , . . . , a 3 , at all, it will suffice to show
For that reason, by virtue of [Ne, Chapter VII, Corollary (10.5 )], we have
for a complex variable s. It, therefore, suffices in our particular situation to estimate the residue res s=1 ζ K (s) of the Dedekind zeta function of K.
An estimate from above has been given by C. L. Siegel. In view of the analytic class number formula, his [Si, Satz 1] gives
for a certain constant C. The final term is less than c 2 (ε)·|a 0 ·. . .·a 3 | ε for every ε > 0. On the other hand, H. M. Stark [St, formula (1) 
for every ε > 0 which implies res
2.3 An estimate for the factors at the finite places 2.3.1. Notation. ----i) For a prime number p and an integer x = 0, we put
ii) For integers x 1 , . . . , x n , not all equal to zero, we write
ν(ξ), we carry the p-adic valuation from p over to /p r .
Note that any 0 = x ∈ /p r has the form x = ε·p ν(x) where ε ∈ ( /p r ) * is a unit. Clearly, ε is unique only in the case ν(x) = 0.
, r ∈ AE, and ν 0 , . . . , ν 3 ≤ r, put
For the particular case ν 0 = . . . = ν 3 = 0, we will write Z 
We will use the notation z 
On the other hand, if k ≥ r then the assertion is completely trivial since
2.3.5. Remark. ----The proof shows that in the case p ≡ 2 (mod 3) one could reduce the coefficient to 1. Unfortunately, this observation does not lead to a substantial improvement of our final result.
2.3.6. Lemma. ----Let r ∈ AE and ν 0 , . . . , ν 3 ≤ r. Then, 2.3.7. Corollary. ----Let (a 0 , . . . , a 3 ) ∈ ( \{0}) 4 . Then, for the local factor τ p S (a 0 ,...,a 3 ) (É p ) , one has
Proof. [PT, Corollary 3.5] implies that
Lemma 2.3.6 yields the assertion.
2.3.8. Proposition. ----Let (a 0 , . . . , a 3 ) ∈ ( \ {0}) 4 . Then, for each ε such that 0 < ε < 1 3 , one has
Proof. We use the formula from Corollary 2.3.7. The eigenvalues of the Frobenius on Pic(S É )
Ip are all roots of unity. Therefore, the first factor is at most (1 + 1/p) 7 . Further, by Lemma 2.3.4,
.
We estimate the minimum by a weighted arithmetic mean with weights
, and ε,
This shows
We may therefore write
Here, the term under the limit is precisely the product of three copies of the finite sum
and one copy of the finite sum
For r → ∞, geometric series do appear while the additional summands tend to zero.
2.3.9. Remark. ----Unfortunately, the constants
have the property that the product p C (ε) p diverges. On the other hand, we have at least that C
2.3.10. Lemma. ----Let C > 1 be any constant. Then, for each ε > 0, one has
for a suitable constant c (depending on ε).
Proof. This follows directly from [Na, Theorem 7.2] together with [Na, Section 7.1, Exercise 7].
2.3.11. Proposition. ----For each ε such that 0 < ε < 1 3
, there exists a constant c such that
Proof. The product over all primes of good reduction is bounded by virtue of Sublemma 2.3.12 below. It, therefore, remains to show that
For this, by Proposition 2.3.8, we have at first
3 )
Here, the indices 0, . . . , 3 are interchangeable. Hence, it is even allowed to write
. Now, we multiply over all prime divisors of a 0 · . . . · a 3 . Thereby, on the right hand side, we may twice write the product over all primes since the two rightmost factors are equal to one for p ∤ 3a 0 · . . . · a 3 , anyway.
and, by Lemma 2.3.10,
We finally estimate 3 ε 8 by a constant. The assertion follows.
2.3.12. Sublemma. ----There are two positive constants c 1 and c 2 such that, for all a 0 , . . . , a 3 ∈ \{0},
Proof. For a prime p of good reduction, Hensel's Lemma implies
Further, for the number of points on a non-singular cubic surface over a finite field, the Lefschetz trace formula can be made completely explicit [Ma, Theorem 27 .1].
It shows #S
Denoting the eigenvalues of the Frobenius on Pic(S É ) by λ 1 , . . . , λ 7 , we find
where σ i denote the elementary symmetric functions in λ 1 , . . . , λ 7 . We know |λ i | = 1 for all i. Estimating very roughly, we have |σ j | ≤ ( 7 j ) ≤ 7 j and see
I.e., 1 − 99p
The infinite product over all 1 − 99p −2 1 1−7/p (respectively 1 + 99p
) is convergent. The left hand side is positive for p > 13. For the small primes remaining, we need a better lower bound. For this, note that a cubic surface over a finite field p always has at least one p -rational point. This yields
2.4 An estimate for the factor at the infinite place
be an open subset and X ⊂ U be a hypersurface defined by the equation f = 0. Assume that ∂f ∂x 0 = 0 outside a zero set of X. Then, on X, ω Leray is given by the differential form
Proof. Let x ∈ X be a point such that 
which may be rewritten in the form
Recall that the Leray measure is defined by ω Leray =
Proof. We apply Fact 2.4.1 to U = Ê 4 and f (x 0 , . . . , x 3 ) := a 0 x 3 0 + . . . + a 3 x 3 3 . Note that {(x 0 , . . . , x 3 ) ∈ CS (a 0 ,...,a 3 ) (Ê) | x 0 = 0} is a zero set according to the Leray measure as it is for the hypersurface measure.
Proof. According to the definition of τ ∞ S (a 0 ,...,a 3 ) (Ê) and the corollary above, we need to show
For that, consider the linear mapping l :
This immediately yields the assertion when we take into consideration that orientations are chosen in such a way that both integrals are positive. where ω 2 is the two-dimensional hypersurface measure of the l 3 -unit sphere
Proof. First step. We cover the domain of integration by 25 sets as follows. We put
Further, for each σ ∈ S 4 , we set where π : CS (1,...,1) (Ê) → Ê 3 , (x 0 , x 1 , x 2 , x 3 ) → (x 0 , x 1 , x 2 ), denotes the projection to the first three coordinates.
We enlarge the domain of integration to
Then, by homogeneity, we see 
